Abstract. Symplectic tomographies of classical and quantum states are shortly reviewed. The concept of nonlinear f -oscillators and their properties are recalled. The tomographic probability representations of oscillator coherent states and the problem of entanglement are then discussed. The entanglement of even and odd f -coherent states is evaluated by the linear entropy.
Introduction
In [1] the notion of f -oscillator was introduced. The notion is related to the description of specific nonlinear vibrations both in classical and quantum mechanics. Nonlinearities play an important role in different areas of physical phenomena. The specific nonlinear vibrations are relevant for problems of quantum mechanics, for instance they can be associated with details of energy spectra of atoms and molecules or correspond to the behaviour of waves in the case of very high density of matter, which effectively produces the vibration nonlinearity from initial linear vibrations. Thus, the relevance of nonlinear vibrations in the description of physical processes at different extreme conditions is an important aspect both in classical and quantum physics. Models of nonlinearities may be chosen to satisfy some demands, one of them would be simplicity and clear physical interpretation of the phenomena. Such models can be associated with mathematical structures like deformed algebras or quantum groups which present the nonlinear phenomena in a form which focuses the essence of the phenomena in the structure of commutation relations of the observables. The deformed algebras or quantum groups clarify the mathematical properties of the nonlinear models but need extra physical arguments to explain the connection of the nonlinearities in physical processes with mathematical structures used in quantum groups and their application. One of the important and simple examples of the nonlinearity in physical process is the process by vibrations called f -oscillations, relevant to both domains of physicsclassical as well quantum. The f -oscillator is a generalization of the q-oscillator [2, 3] discussed in literature in connection with deformations of Lie algebras (see [4] ). The q-oscillator is an example of a quantum integrable system [5] . Some aspects of the q-oscillator were cosidered in [6] . A suggestion to describe the possible nonlinearity of classical electrodynamics by the q-oscillators is proposed in [7] . The f -oscillator is the nonlinear oscillator with the specific dependence of the frequency of the vibrations on the amplitude. The eigenvalue problems for the Hamiltonians describing different kinds of f -nonlinearities were studied in detail by Dodonov et al. [8] . In these days the nonlinear oscillator attracts attention in connection with the study of nonclassical photon states in quantum optics [9, 10, 11, 12] . The possibility to take into account the f -nonlinearity of vibrations in some cases of laser light radiation and its coherence was studied recently by Kilin et al. [13] . Nonclassical properties such as squeezing, antibunching, sub-poissonian statistics of nonlinear coherent states were considered in [14, 15] . Theoretical schemes for realization of the nonlinear coherent states have been proposed based on the trapped ion [12] , an optomechanical microcavity [16] , single atom laser [17] , exciton dynamic in a quantum dot [18] , spatial confinement of a harmonic oscillator [19] , a particle in a finite range trap [20, 21] or the oscillation and vibration of the graphene membrane [22] . Coherent states are also called the most classical states of light because they minimize the Heisenberg uncertainty relations [23] . Superposition of coherent states possess statistical properties different from the coherent states. Even or odd superpositions of coherent states were considered in [24] . Superposition of coherent states related to a finite group ('crystallised Schrodinger cats') is studied in [25] . Extension of this superposition to the case of nonlinear coherent states is considered in [26] . Recently, method for producing of the superposition of nonlinear coherent states (as well as entangled nonlinear coherent states) is suggested in [27, 28] . Entangled states such as entangled coherent states are of great importance due to various application in quantum information theory. In this connection, different experimental schemes were proposed to generate entangled coherent states. Producing of entangled nonlinear coherent states and their properties were considered in [29, 30, 31 ]. An oscillator with spatially varying mass can be considered as the f -oscillator with the special type of deformation function [32] . A two-dimensional harmonic oscillator algebra on a sphere can be considered as a deformed one-dimensional harmonic oscillator algebra [33] . A recent proposal to use f -oscillators in the description of the Hydrogen atom has been published recently [34] . Different construction of nonlinear coherent states is proposed in [35] . Also f -deformation algebra arises in connection with quantizing dynamically equivalent Hamiltonian structures [36] . The conventional coherent states [37, 38, 39] correspond to maximally classical electromagnetic field vibrations which minimize uncertainty relations [23, 40, 41] . The nonlinear vibrations of the f -oscillator make the quantum features of photons more pronounced like the existence of bounds in the product of photon quadrature variances which is larger than usual quantum limit due to the nonlinearity of the vibrations. The Schrödinger-Robertson [42, 43] uncertainty relation with the bound for the product of positions and momentum dependent on their covariance was studied in the context of the influence of the nonlinearity contributions in the work by Bastos et al. [44] . An assumption that quantum geometry effects lead to random fluctuations of the Planck constant thus changing the uncertainty relation is given in [45] . A suggestion to check the uncertainty relation in experiments with homodyne photon states detection was presented in [46] . In the homodyne detection experiments the optical tomogram of photon states is measured [46, 47, 48] . Such experiments influenced the development of tomographic probability representation of quantum mechanics and quantum optics [49, 50] . Recently [51] the discussion of some tomographic aspects of the f -oscillator was given for the symplectic tomography scheme. It is known that there exist also the schemes of the center of mass tomographic representation [52] and the photon number tomographic probability representation [53] . In all such representations quantum states are identified with fair positive probability distributions of measurable observables and the density operators as well as the variances, covariances and higher moments of physical observables can be explicitly expressed in terms of the tomographic probability representation. In view of these the tomograms are, in facts, alternative to density operators or wave functions. The connection of the f -oscillators with analogs of Weyl systems was studied in [54] . Some tomographic aspects of such oscillators were studied in [55] . The aim of the present work is to study the states of f -oscillators in the frame of tomographic probability representations, in particular, extending the consideration and results of the work [51] to the case of several modes and also to the case of the photon number tomographies. We also consider how some specific choices of the nonlinearity function f may introduce entanglement among different modes.
The paper is organized as follows. In Sec. 2 the review of the one-mode f -oscillator properties is presented. In Sec. 3 tomographic probability representations including symplectic, optical and photon number cases are considered. Explicit formulae for symplectic and photon number tomograms of the f -oscillator are given in Sec. 4. In Sec. 5 the photon number tomogram of the Fock states is used to construct new inequalities for the associated Laguerre polynomials. Entanglement of two-mode nonlinear coherent states is studied in Sec. 6 and its superposition in Sec. 7. In Sec. 8 the Schrödinger-Robertson uncertainty relation for deformed position and momentum is considered. Conclusions and perspectives are summarized in Sec. 9.
Classical and quantum f -oscillators for one-mode fields
Dynamics of a classical linear oscillator vibrating with unit frequency is determined by the equation of motion, which in terms of the complex amplitude of the oscillator has the form dα dt = −iα,
where α = (q + ip)/ √ 2 with q and p being position and momentum of the classical oscillator. A solution to the latter equation reads
where α(0) is any initial complex amplitude. It is obvious that the energy of the oscillator is the integral of motion
A direct generalisation of the linear harmonic oscillator to the nonlinear one is carried out by the replacement of the complex amplitude α with the deformed one α f
where the real function f governs the nonlinearity of vibrations. To this end, consider the f -oscillator, which is the nonlinear oscillator described by the Hamiltonian
The equation of motion of the nonlinear oscillator with the Hamiltonian H f reads
where ω(E) = ∂(Ef 2 (E))/∂E is the frequency of vibrations and E is given by (3) . Since E is an integral of motion for both the linear and nonlinear oscillators, one can easily obtain the solution to (6) 
To sum up, the f -oscillator is a nonlinear system with a particular type of nonlinearity, namely the frequency of vibrations depends on its amplitude. For a quantum harmonic oscillator the position q and momentum p of the classical one are replaced by the corresponding operatorsq andp, while the complex amplitudes α and α * are replaced by the annihilation and creation operatorsâ andâ † obeying the commutation relation
One can perform a quantization procedure analogous to the one of the linear oscillator for the classical f -oscillator by selecting an ordering and by replacing the complex amplitudes α f and α * f with the deformed annihilation and creation operatorŝ
with f being a real operator valued function of the number operatorâ †â
. By definition, the f -oscillator is characterized by the Hamiltonian of the form
The commutation relation between the deformed operators is
The f -coherent states is defined as an eigenstate of the deformed annihilation operatorÂ
with α being a complex number. In terms of the Fock states the state represented in a compact form by
where we denote
. For the choice f â †â = 1 the f -coherent state give back the usual coherent state, i.e. |α, f = 1 = |α .
Tomographic probability distributions
In this section we briefly review special types of maps of density operators onto probability distribution functions. The symplectic tomographic probability representation of a quantum state with the density operatorρ is given in terms of the mean value of the dequantizer operator [56] 
Here X is a random homodyne quadrature, µ and ν are real parameters and1,q,p are the identity, momentum and position operators, respectively. The optical tomogram is defined in view of the symplectic tomogram as follows
It is worth to point out that both the symplectic tomogram M(X, µ, ν) and the optical tomogram w (X, θ) are conditional probability distributions of the photon homodyne quadrature X provided the real parameters µ and ν are fixed (for the symplectic tomogram) and the local oscillator phase 0 ≤ θ ≤ 2π is fixed (for the optical tomogram) [57] . The optical and symplectic tomograms are nonnegative normalized functions
The important feature of the optical tomogram is connected with the fact that it is directly measurable in experiments on homodyne quadrature detection of the photon states [47] .
In view of this fact the measurement can be used to obtain all the characteristic of quantum objects like any observables in terms of its means, dispersions, highest moments, etc. using only the tomograms and avoiding the use of wave functions or density operators. Given a state with the density operatorρ higher moments of the homodyne quadrature X are expressed in terms of the optical tomogram as
For example, the above formula provides the position higher moments q
dX. The latter fact gives rise to the possibility to check the uncertainty relations with the help of the measurable optical tomogram. There exist inversion relations expressing the density operatorρ in terms of either the optical, symplectic or photon number tomograms (see e.g. [50] ).
The photon number tomogram is defined as the diagonal matrix element of the displaced density operator
In this definition, n is the number of photons, α = (q + ip)/ √ 2 is a complex field amplitude andD (α) is the displacement operatorD (α) = exp αâ † − α * â . The creationâ † and annihilationâ operators of photons satisfy the basic commutation relations (8) . The tomogram W (n, α) is the conditional probability distribution of photons provided the complex field amplitude α is fixed [57] . The photon number tomogram is a normalized function over the discrete variable n and the continuous complex variable α
For a pure state vector |ψ the transform (18) yields
The Husimi function of a density operatorρ is defined as Q(α) = α|ρ|α , can be simply obtained from the photon number tomogram by the following formula
The photon number tomogram provides the probability of finding n photons in the statê ρ
The tomographic probability distributions provide all the information on quadrature states. For example, the photon number tomogram yields all the statistical properties of photons. Higher moments of the photon numbern =â †â in a quantum state with the density operatorρ read
for an arbitrary nonnegative integer k.
Tomograms for f -oscillator
In this section we introduce examples of tomographic probability distributions. Calculating the optical tomogram of a pure state found in a state ψ 0 (x) is an intractable task because it requires performing the fractional Fourier transform of the wave function under consideration [58] . However, in some cases this may be circumvented by using the fact that the optical tomogram formally equals to the modulus squared of the wave function ψ(X, t) taken at time t = θ, which is the solution of the Shröedinger evolution equation for a harmonic oscillator potential provided the wave function at initial time equals ψ 0 (x) [59] . To this end, we consider a wide class of quantum states for which one can obtain the wave function ψ(X, t). We begin with a state, which expressed in the Fock number states in the most generic case
The state is assumed to be normalized, i.e. ∞ n=0 |c n | 2 = 1. The symplectic tomogram of this state can be directly calculated from definition (14) . However, here we provide a simpler method. The temporal evolution of the state for the harmonic oscillator potential is
Here E n corresponds to the energy spectrum of the harmonic oscillator with unity frequency and the Planck constant, i.e. E n = n + . The wave function (25) in position representation reads
where the initial wave function ψ n (X) = π −1/4 2 −n/2 (n!) −1/2 exp (−X 2 /2) H n (X) is expressed in terms of the Hermite polynomial H n of degree n. The modulus squared of (26) taken at time t = θ provides the optical tomogram
Let us note that the expression at the right hand side of (27) is periodic function over θ with period 2π. It can be readily seen that w(X, θ) (27) is a nonnegative function. For the given optical tomogram one can reconstruct the symplectic tomogram by the following rule
provided cos θ = µ/ µ 2 + ν 2 and sin θ = ν/ µ 2 + ν 2 . The result reads
It is convenient to apply the latter formula only for states which can be simply decomposed into the Fock basis states. For example, the symplectic tomogram for the bound state of a particle moving in the Dirac delta potential, which expressed in terms of the Error function [60] can be easily obtained from its definition rather than from (29) .
As an example, let us consider the f -coherent state |α, f λ corresponding to the nonlinear function
There exist several examples where this state might be useful. For example, the Kerr effect admits description by this type of f -oscillators with λ −1 being the crystal nonlinear susceptibility [61] or the Hamiltonian of the f -oscillator has eigenvalues identical to the energy spectrum of the trigonometric Pöschl-Teller potential [62] . The expression of |α, f λ in the number state basis is
Here 0 F 1 (a, z) = ∞ n=0 z n Γ(a)/ (n! Γ(a + n)) is the confluent hypergeometric limit function. The symplectic tomogram of this state is
The photon number tomogram (18) of the state (24) is expressed in terms of matrix elements of the displacement operator and is given through the associated Laguerre polynomials
The Husimi function can be obtained from (21) using the known property of the Laguerre
Nevertheless, the latter formula can be obtained using the definition of the Husimi function Q(α) = | α|ψ | 2 and the series expansion (24) . For α → 0 we get the photon probability function P (n) = |c n | 2 . The photon number tomogram of the Fock space |m is expressed in terms of the associated Laguerre polynomials as follows
It is worth noting that the photon number tomogram (35) is symmetric with respect to n and m. This means that if one interchanges n and m, the function values do not change. The tomogram (35) provides the probability distribution p m , which satisfies entropic inequalities.
Entropic inequalities for associated Laguerre polynomials
In this section we make use of the approach developed in [64] to obtain inequalities for the associated Laguerre polynomials. Let us consider an arbitrary set of nonnegative numbers p m , m = 0, 1, . . . with the sum equal to one ∞ m=0 p m = 1. The set of numbers can be interpreted as a probability distribution of a classical system with one random variable and provides the Shannon entropy
Following [64] let us introduce the invertible map of the nonnegative numbers p m onto nonnegative numbers P jl
where j is a nonnegative integer number and l takes two values 0 and 1. Since the numbers P jl can be interpreted as joint probability distribution of a bipartite classical system with two random variables, one can introduce other nonnegative numbers corresponding to marginal probability distributions
which provide the Shannon entropies
The entropies of a bipartite system and its subsystems are known to satisfy the entropic inequalities called the subadditivity condition [65] 
The latter inequality in terms of the probabilities p m has the form
The Shannon information (also called the mutual information) is defined as
Obviously, the Shannon information is a nonnegative function. The Shannon information is used to measure correlations between subsystems. The point is that the photon number tomogram (35) is nonnegative with unity sum over m for all values n and α. Hence, W m (n, α) can be considered as probabilities
where W m (n, α) is given by (35) . Substituting the latter expression for p m into (41), we obtain the new inequality for the associated Laguerre polynomials
where the notations x = |α| 2 ≥ 0 and
are used. Thus, we have interpreted the set of nonnegative numbers with unit sum as the probability distributions of some artificial bipartite system. This fact gives the possibility to apply the well-known entropic inequality to the bipartite system and its subsystems. The relation obtained reflects the presence of correlations between the subsystems. To measure correlation we have used the Shannon information. The Shannon information I(n, α) (42) for probabilities (43) is shown in Fig. 1 . One can see that for large values of |α| 2 (|α| 2 is related to the energy of the field) the Shannon information tends to zero and the subsystems (the first one contains odd photon numbers and the second one contains even photon numbers) become independent. On the contrary, for small values of |α| 2 there exists a correlation between the subsystems. Also, on the whole for fixed |α| 2 the correlation increases when the number of photon n increases. The information oscillates for n ≥ 1 and is smooth for n = 0, such behavior is associated with the zeroes of the Laguerre polynomials. There are many other possibilities to map the numbers p m onto P jl and hence obtain new inequalities for the associated Laguerre polynomials. In (37) we divided p m into probabilities with only even or odd indices. For example, one can use the following map p sj+l ↔ P jl (46) where s is a fixed integer number greater or equal to 2, j = 0, 1, . . . , s − 1 and l is a nonnegative integer number. The subadditivity condition (40) in terms of p m has the form (47) which for s = 2 coincides with (41) . For the probabilities expressed in terms of the photon number tomogram of Fock states (43) we obtain another inequalities for the Laguerre polynomials for arbitrarily s ≥ 2
where λ m (n, x) is determined by (45) . Let us note that the variation of the mapping impacts the entropies (39) while the entropy (36) does not change. Hence, one can find such mapping for which the entropic information takes maximum values.
Specific deformation for two mode
It is possible to extend the notion f -oscillator, considered in previous section to the case of two mode. To this end, let us consider the two operatorŝ
whereâ 1 andâ 2 are the annihilation operators for the first and second modes and n i =â + iâ i , i = 1, 2. If the functions f 1 and f 2 satisfy the equation
the deformed annihilation operatorsÂ 1 andÂ 2 commute, and for this reason one can define the two-mode f -coherent state |α 1 α 2 , f 1 , f 2 by the following equation
Substituting the expansion of the two-mode nonlinear coherent state in the Fock states |n 1 n 2 (â
into (49), we obtain the recurrence relations for the coefficients C n 1 ,n 2
It worth noting that the latter system of equations is compatible if f 1 and f 2 satisfy (50). Let us consider the case when the nonlinearity expressed by a one-variable function f depending on the total number of photons n 1 + n 2 , i.e. f 1 (n 1 , n 2 ) = f 2 (n 1 , n 2 ) = f (n 1 + n 2 ). It means that the frequency of the oscillator vibrations depends on the total number of photons or this frequency depends on the sum of the energies of the two oscillators if one considers not the photon fields but the two dimensional oscillator. The decomposition of the nonlinear coherent state in the Fock state basis reads
where the normalization constant is given by
It can be readily seen from (54) that the nonlinearity creates entanglement. Indeed, for the choice f (n 1 + n 2 ) = 1, the state (54) falls into the separable two-mode coherent state |α 1 α 2 , f = 1 = |α 1 |α 1 . In the presence of the nonlinearity function f the state |α 1 α 2 , f is entangled. To measure entanglement we use the linear entropy defined as
withρ 1 being the reduced density matrix of the first subsystem obtained by performing the partial trace of the density operatorρ = |α 1 α 2 , f α 1 α 2 , f | over the second subsystem. The linear entropy ranges from 0, corresponding to a separable state, and 1 refers to a maximally entangled state. The linear entropy for the two-mode nonlinear coherent state (54) is Let us note that S f (α 1 , α 2 ) is symmetric with respect to α 1 and α 2 , i.e. S f (α 1 , α 2 ) = S f (α 2 , α 1 ). The entanglement properties of |α 1 α 2 , f are strongly depending on the deformation function. Further we consider deformation function of the form (30) . Figure 2 depicts the linear entropy S λ (α 1 , α 2 ) (57) corresponding to the deformation function (30) versus parameter λ and different ratios of α 1 and α 2 . The key role on the behavior of the linear entropy is played by the parameter of nonlinearity λ. The entropy decreases monotonically with the increase of the value of λ. The entropy varies from its maximal value
corresponding to λ = 0 and tends to zero for large values of λ. Let us note that for λ = 0 the state under consideration has the form
whereas for large values of λ the state turns into the usual two-mode coherent state Figure 3 shows the linear entropy S λ (α 1 , α 2 ) as a function of α 1 (since S λ (α 1 , α 2 ) is symmetric with respect to α 1 and α 2 , we have fixed one of them, for example, α 2 ) for three different values of the parameter λ. One can see that the maximum value of the linear entropy decreases and shifts towards large values of |α 1 | when λ increases. The above analysis indicates that the two-mode nonlinear coherent state (54) with the deformation function of the form (30) is maximally entangled for close |α 1 | and |α 2 | and small values of λ.
Superposition of two-mode nonlinear coherent states
The Schrödinger cat states defined as an even and odd superpositions of coherent states with opposite phases are introduced in [24] (see also review articles [66, 67] ). There exist lots of proposal for generating these states (see for example [68, 69] ). The two mode Schrödinger cat states were considered in [70] . The Schrödinger cat states are found to be a resource for various practical applications. For example, a superposition of coherent states is suggested to be used in interferometers for measuring gravitational waves as alternatives to squeezed states [71] . In the present work we study even and odd superpositions of the nonlinear coherent states of the form
where |α α, f is the two-mode nonlinear coherent state (54) . The normalization constant is evaluated from the requirement
The linear entropies of the states |ψ
The linear entropies (63) for the deformation function (30) is plotted in Figures 4  and 5 . For simplicity, we assumed that α is real. One can see that the entanglement properties of the two-mode nonlinear coherent states are considerably different from its superpositions. For λ = 0 the even superposition becomes the product of onemode vacuum states, i.e. |ψ + λ = |00 , whereas the odd superposition is |ψ 
and for the odd superposition is S − λ=∞ (α) = 0.5. 
Checking the deformed uncertainty relations
Pure states satisfy the Heisenberg uncertainty relation [23] that has the form of inequality for the position and momentum variances. Schrödinger [42] and Robertson [43] refined this inequality by the correlations of position and momentum. The generalization of the uncertainty relations to the case of mixed states was found in [72] . In [46] the Schrödinger-Robertson uncertainty relation was checked experimentally by using homodyne photon detection. Tomographic approach to study uncertainty relations was suggested in [73] . It is therefore interesting to study the influence of the considered nonlinearity on the uncertainty relations.
The Schrödinger-Robertson uncertainty relation for the deformed position and momentum operators defined aŝ
has the form
where σ QQ and σ P P are the variances, σ QP is the covariance forQ andP
The commutator between the deformed creation and annihilation operators [Â,Â † ] is expressed in terms of the deformation function (11) .
We consider the q-oscillator [2, 3] , which is the nonlinear oscillator with the specific exponential dependence of the oscillator frequency on the amplitude of vibrations
with λ being a real parameter. The experimental upper bound for the value of the nonlinearity parameter λ is given in [74] and is turned out to be small. Therefore, we consider λ to be small i.e. λ ≪ 1. The uncertainty relation (66) takes the form
wheren =â †â is the number of photon. In the case λ = 0 the latter inequality turns into the uncertainty relation for the usual position and momentum. But this is not the case in the presence of the nonlinearity the right hand side of (69) is increased for greater values of λ. For the ground state the uncertainty relation (69) reduced to
where we have restored the Planck constant One can interpret the latter inequality that the presence of the nonlinearity of the q-oscillator increases the bound or provides an 'effective Planck constant' value
In experiments [48] the commutation relations of the photon creation and annihilation operators were checked by homodyne photon detection of the photon added and photon subtracted coherent states [75] . The precision of the bound in this experiment was turned out to be of the order of few percent. If the precision could be at the level of λ 2 /3 with respect to 1 there would be a possibility to check the influence of the nonlinearity on the value of the effective Planck constant.
The mean value appeared in the right hand side of inequality (69) can be expressed in terms of measurable optical tomogram w (X, θ) 
Thus we propose to check the contribution of the q−nonlinearity to the bound of the uncertainty relation equivalent to increasing the value of the effective Planck constant. Other types of nonlinearity, e.g. proposed in [44] also can be checked in the same experiments.
Conclusions
To conclude, we point out the main results of this paper. We reviewed the properties of the quantum nonlinear oscillators vibrating with frequencies depending on the amplitude of vibrations. We reviewed the tomographic description of quantum states using the optical, symplectic, as well as photon number tomographies. We used the known subadditivity condition for joint probability distributions as well as the explicit form of the photon number tomography for the Fock states to obtain a new inequality for the associated Laguerre polynomials. We studied the properties of the nonlinear foscillators in the framework of the tomographic pictures of quantum mechanics. The quantum tomograms for the nonlinear coherent states are obtained in explicit form. The contribution of small nonlinearity vibrations to the uncertainty relations bound was obtained for the q-oscillators. The possibility to study the uncertainty relation in experiments with homodyne detection of photonic states is considered in [76] . The formalism of the f -oscillators can be applied also to study different phenomena in solid state statistics and gravitation physics.
